One-third of the current A-level mathematics curriculum is determined by choice, constructed out of 'applied mathematics' modules in mechanics, statistics and decision mathematics. Although this choice arguably involves the most sizeable instance of choice in the current English school mathematics curriculum, and it has a significant impact on students' post-compulsory study of mathematics, it is not well understood how this choice is navigated. This article explores how mathematics teachers perceive each of these three areas of applied mathematics, how widely each of the modules is offered and in what ways perception might be connected to provision. Data from an online questionnaire and follow-up interviews demonstrate that teachers are influenced by a wide range of factors, including strategic concerns and views on the relative worth of each strand. The results also highlight the presence of inertia in centres' provision. In this way, this article offers some insight into current perception and provision of applied mathematics in England, and speaks to contemporary debates about curriculum content and reform. It argues that students' exposure to the powerful utility of mathematics is often unhelpfully steered or limited at a critical point in their education.
Introduction
At present, formal mathematics education is compulsory for all students in England and Wales until the age of 16 years. Students who wish to continue studying mathematics then typically begin studying for A-or advanced level mathematics, the UK's main upper secondary public examination. The qualification is a strongly academic one and international comparisons show its take up to be relatively low (Hodgen et al., 2010) ; however, the final award is generally well respected and it has been shown to have considerable economic value for students (Dolton & Vignoles, 2002) .
The curriculum structure of A-level mathematics is markedly different from what has gone before. One of the most immediate differences is the inclusion of distinct 'applied mathematics' modules, and since 2004 every candidate must take two of these as part of the six-module A-level qualification (Porkess, 2003) . Examination boards offer a range of applied modules, meaning that one-third of each pupil's programme of study is determined by choice. This arguably constitutes the most sizeable instance in English school mathematics where choice helps to shape the curriculum. The navigation of this choice is largely governed by the school; centres rarely if ever offer all of the modules and even in cases where students ostensibly make their own choice, the unfamiliar nature of much of the mathematics and the positioning of the teacher as expert ensure that the teacher remains central to the decision-making process.
This article reports on a research project which was designed to investigate how mathematics teachers perceive the different applied mathematics options available to them, which modules centres currently offer, and how perception and provision might be connected. In this way, it begins to explore some of the observed disparities in the uptake of applied mathematics options, and also offers some wider observations about how mathematics departments might navigate instances of choice in the curriculum.
The current uptake of applied mathematics units
At the time of writing all of the five different examination boards in England and Wales offer mechanics and statistics modules as applied options within their A-level specifications. Three of the five also offer modules in decision mathematics; this is the newest of the three strands of applied mathematics, having emerged out of various programmes in the 1980s. The hierarchical nature of each of the three strands results in six possible combinations within A-level mathematics which are listed below in Table 1 .
It is immediately apparent from the labelling of these modules as either first-year (AS) or second-year (A2) why some combinations might be preferred by centres. A combination of two AS-level modules might be seen as less challenging than an AS-and an A2-level module from within the same strand. While it has been recognized (for instance in Ofqual, 2009, p. 9 ) that studying material from different strands can place a compensatory cognitive demand on learners, there is certainly scope for teachers to make a choice which they perceive to be partially tactical. This was acknowledged by the QCA in their 2007 review of A-level mathematics (QCA, 2007) , conducted to assess the impact of the revised specifications on participation and achievement. In this review, they reported that 'evidence from this study indicates a significant amount of ''strategic'' selection of optional units by centres and an informal straw poll of experts carried out for this study returned a unanimous view that M1 and M2 represented the most challenging combination, and that S1 and D1 would be likely to be seen as the easiest' (p.11). There are a number of pressures specific to mathematics that might encourage teachers to adopt a strategic position; research has suggested that teachers perceive the A-level mathematics curriculum as challenging and crowded (Graham, 2002) and that A-level mathematics is particularly difficult when compared with other subjects (Coe et al., 2008). There are also concerns that many learners are entering A-level mathematics with weaker algebraic skills than was the case previously (Kitchen, 1999) , and this deficit can be time-consuming. A strategic position can thus be both rationalized and defended. Strategic concerns are not the only factors influencing teachers' decisions. The QCA study goes on to report that some centres 'were offering only AS optional units -partly to maximise results and partly to provide solid foundations for learning ' (QCA, 2007, p. 12) . Mathematics departments might thus base their choice to some extent on their perception of the intrinsic value of each area of applied mathematics, or on an educational philosophy that valorizes students developing a wide appreciation of the utility of mathematics. This viewpoint is noted by Lee, Harrison and Robinson (2007) who observed that some centres attempted to steer student choice in light of resonance between applied modules and other subjects, as well as future study and career plans.
Further lines of reasoning can be inferred from an inspection of the uptake figures. Table 1 , reproduced from QCA (2007, p. 12) , summarizes the uptake and results of one of the major examination boards. Sole consideration of strategic factors would predict that the supposedly 'easiest' combination of S1 and D1 would have the highest number of candidates, whereas in fact three times as many candidates sat the 'hardest' combination of M1 and M2. Furthermore, the nominally 'hardest' combination resulted in the highest percentage of candidates achieving a Grade A, although this does not conclusively refute that M1 and M2 are the 'hardest' combination; it could be the case that this form of the award attracted higher attaining candidates. It is also interesting to note that while the three awards which only involve AS-level units each offer a comparable breadth of study, they do not attract a comparable proportion of students. The decision modules are apparently much less popular than their counterparts.
One possibility is that decision mathematics is seen as being, in some sense, of less value to students. Another possibility is that the lower uptake is consequent from some characteristic of the teachers. Although decision mathematics is by no means a new addition to the curriculum, mechanics and statistics have historically dominated applied mathematics teaching (Kitchen, 1999) , and so fewer teachers will have encountered decision mathematics during their own school education. This could mean that fewer teachers are comfortable teaching decision mathematics modules. Further, it is certainly arguable that schools, like any other institution, are subject to inertia. Schools may continue to offer the same modules for extended periods since they have secure staffing, experience and resources already in place.
There are a number of other possibilities, and the situation is confused further in the cases of schools that also offer A-level further mathematics, a second public examination which builds upon A-level mathematics and includes more applied content; this content can be drawn from any of the three strands, although there are typically only two decision modules offered by each board, as opposed to four or five modules for each of mechanics and statistics. While modules such as Mechanics 3 only arise within further mathematics, some applied modules can contribute towards either qualification, and thus the aggregation mechanisms of examination boards might further encourage strategic choices. In summary, it is apparent that the provision of applied mathematics at A-level is influenced by a number of factors, many of which involve the opinions and beliefs which teachers hold about the individual modules, their merit, relevance and relative difficulty.
Methodology
The overall goal of this study was to construct a contemporary (as of 2010) sketch of the position of the three strands of applied mathematics. This was articulated as three interconnected research questions:
How widely are the different applied modules being offered to students?
How are the three strands of applied mathematics perceived by teachers? How might perception and provision be related?
A large sample was necessary to generate a meaningful 'snapshot' and promote external validity, and so the first stage of the research used an online questionnaire. An electronic invitation to participate in this research was sent to schools, together with an instruction to pass the invitation onto the teacher 'who decides which options to offer students taking A-level mathematics. This could be the head of mathematics, the head of key stage 5 mathematics, or an A-level classroom teacher'. In this way, the questionnaire was targeted at those in each centre whose opinions and beliefs were most likely to influence provision.
Following a successful small-scale pilot, almost 4000 e-mail addresses for schools were collated from those available online; e-mails for state secondary schools had already been obtained from local authority websites and collated for a previous piece of research, and e-mails of independent and grammar schools were appended to this list. This method did not produce a perfect sampling frame; the approach described meant a small but significant number of schools which had published incorrect or expired e-mail addresses were excluded from the research. There was also no guarantee that every school contacted offered A-level mathematics, and a number of apologies were received from 11-16 and special schools who could not take part in the research. After withdrawing one instance of partial response, 336 responses were collated for analysis; this was estimated as being approximately 15% of the target school population.
The majority of the sample consisted of different forms of state schools, although moderately high numbers of centres, 68 (20%) and 36 (11%), identified themselves as independent schools (which charge fees) and grammar schools (which select for entry at age 11), respectively. The vast majority of participating centres were co-educational schools, with only 34 (10%) reporting as boys' schools and 30 (9%) as girls' schools. In total, 276 (82%) centres served learners aged between 11 and 18 years; the other participating centres included one 11-16 school and three 16-19 sixth form colleges. While these proportions by no means constitute a stratified sample, the range of responses and relative frequencies are sufficient to allow for the statistical comparisons which follow in Section 4 of this article.
The first three sections of the questionnaire concerned demographic information, details of the modules and qualifications offered, and some summary information about the school's experience of A-level mathematics. The final section of the questionnaire contained 11 questions which were designed to explore a range of influences on provision. Each question was accompanied by a five-point Likert-type scale which ranged from 'strongly agree' to 'strongly disagree' with a central 'no opinion' box. Some questions were worded using negatives in order to limit the effects of acquiescence bias. The questions were presented three times, once for each strand of applied mathematics being discussed, together with space for additional comments. The questions are presented here as they were worded for mechanics:
(1) It is easy to do well on exams in mechanics.
(2) We have books and resources available to help teach this module. We consider that teachers' perspectives are typically multifaceted, emerging out of a number of beliefs and opinions. However, it can be inferred from the discussion above that the motivating concerns might be broadly categorized as either strategic (primarily relating to students' performance), intrinsic (primarily relating to the mathematics itself) or inertial (primarily relating to the status quo of the mathematics department). This division offers a working typology, under which questions 1, 3 (reversed), 5 (reversed) and 8 relate to 'strategic' concerns; items 4, 7, 10 (reversed) and 11 relate to 'intrinsic' concerns; and items 2, 6 (reversed), 8 and 9 relate to 'inertial' concerns. It should be stressed here that the categories of strategic, intrinsic and inertial concerns were neither intended to be comprehensive nor to imply well-defined discrete constructs. Nevertheless, reliability analysis yielded respectable values of the Cronbach a statistic, which supports their use as a basis for discussion: 0.769 for strategic concerns, 0.717 for intrinsic concerns and 0.661 for inertial concerns.
There were very few instances of suspected error or non-response in the sample. A very small number of minor suspected errors were discussed but no changes were made. The few pieces of data in question did not influence any overall results or conclusions of this research.
Preliminary analysis was conducted using SPSS. Together with the quantitative analysis, the additional comments offered by participants gave rise to a number of themes that themselves lay within the pre-determined categories of strategic, intrinsic and inertial concerns; these themes were then re-compared against the data in line with the principles of grounded theory (Glaser & Strauss, 1967) . After the questionnaire, 11 participants were selected through purposive sampling to take part in follow-up semi-structured telephone interviews. This sample of teachers was constructed so as to include a range of school types and opinions. The questions in the semi-structured interviews were chosen to promote both convergent validity through discussion of the themes arising out of the questionnaire data, and content validity by allowing participants to raise additional concerns and opinions. After transcription, the interview comments were then coded and combined with the comments from the questionnaires for the final analysis.
Results

Provision
Schools were asked to report which applied modules they currently offered as part of their A-level mathematics and A-level further mathematics curriculum. Although such a simple report does not fully reflect the varying models of provision, it does provide a meaningful initial overview. Table 2 summarizes the provision of applied options within A-level mathematics. Out of the modules listed, S1 was the most common, appearing in 96% of the responses, while M1 and S1 was the most common pair of modules reported, present in 84% of responses. D2 was the least common module, being offered by only 4% of centres, and thus D1 and D2 was the least common pair. These proportions are broadly similar with those previously reported (for instance Lee et al., 2007; QCA, 2007) .
Six of the 336 centres who participated did not report offering at least two applied modules, either through non-response or from only offering the advanced subsidiary or AS-level qualification. Out of the 330 remaining centres, 174 (53%) only offered two applied modules, implying that in the majority of centres students do not have any choice. Three applied modules were offered by 73 schools (22%) and a further 53 schools (16%) offered four applied modules. The relative frequencies suggested that independent and grammar schools are more likely to offer a greater range of applied modules, but this difference was not found to be statistically significant. There was, however, a statistically significant difference between the proportions of different types of schools offering A-level further mathematics ( 2 = 11.299, df = 2, p = 0.004): 100% of grammar schools and 99% of independent schools reported that they offered the qualification, compared with 88% of the rest of the sample. Although the commendable percentage of 88% reflects a significant improvement due in part to the efforts of initiatives which support the teaching of further mathematics, such as the Further Mathematics Network, the significant difference suggests that many state school students are still disadvantaged and have restricted access to some higher education opportunities in mathematics.
Provision within A-level further mathematics is particularly challenging to summarize, as many schools only offer the qualification at AS-level, and the choice of modules is sometimes steered by networks involving more than one centre. In addition, some modules such as 'numerical methods' are not offered by all boards; these are not included here. Despite these complications, the raw results reported in Table 3 are sufficient to demonstrate further the position of decision mathematics as the rarest strand of applied mathematics; although D1 is relatively common in A-level further mathematics, a lower proportion of centres offer D2 than do M2, S2 and M3.
Wider experiences of A-level mathematics
One related wider issue concerns the proportion of students who choose to stop studying mathematics at AS-level and not complete their A-level. Table 4 summarizes the reported experiences of the centres in this matter. These proportions seemed to be largely stable and independent of the applied modules which centres offered. Conversely, the provision of applied modules did seem to be related to the centre's projected grade profiles, as summarized in Table 5 . Taking account of the small number of centres offering D2, the data in Table 5 do appear to suggest at least two interesting trends. First, A2-level applied options appear to be associated with higher reported grade profiles. Further interrogation of the data supports this finding: 56% of centres which offered at least one A2-level applied option selected 'mainly top grades' in this item, as opposed to 41% of those that only offered AS-level options. Second, it can be inferred from these results that decision mathematics is associated with a broader grade profile than the other two applied strands. Only 37% of the centres offering D1 reported a predominantly high-grade profile, compared with 50% and 46% for M1 and S1, respectively; further, centres who offer decision modules are most likely to report an even spread of grades from A to E. This trend is explored further in Section 4.3.1.
Finally in this section, the participants were asked to gauge the relative difficulty of core and applied modules. The results, presented in Table 6 , suggest a slight skew towards seeing applied modules as easier than core modules. The relative frequencies of responses to this item did not vary significantly between those who offered different strands, but perhaps predictably, centres who offered A2-level options had a less pronounced skew than centres who only offered AS-level applied options. 
Perception of applied modules
The following section presents a quantitative summary of the remaining results of the questionnaire, together with a synopsis of the principal trends that were present in the associated qualitative data. However, it should be first noted that there were ranges of opinion within these prevailing views.
A number of respondents commented on variation within a single strand, including one who remarked that M3 involved a substantial increase in difficulty over M2, and another who critiqued differences in emphasis between examination boards. The treatment of the three strands below as uniform items is necessarily a simplification.
Strategic concerns.
Both the questionnaire responses and the interviews indicated that strategic concerns strongly influenced both provision and perception: 'Used to do M1 and M2 in A-level. However, more and more pressure to improve results has led us to now offer S1 instead.'; 'We started teaching decision maths in recent years. If I'm honest I decided to play the numbers game and get the best grades for the students.' Such comments often referenced a perceived difference in the difficulty of the three applied strands.
4.3.1.1 Perceived relative difficulty of mechanics, statistics and decision mathematics The responses suggested that teachers hold reasonably uniform perceptions about the relative difficulty of the applied strands. The introductory mechanics unit, M1, was almost unanimously discussed as being noticeably more difficult than the corresponding statistics and decision mathematics units, S1 and D1 respectively. However, the relative perceived difficulty of decision and statistics was less clear. While one participant held that 'decision is the easiest of the three applied units', D1 was not as widely taught as S1 and was in many cases offered only to more able learners as part of further mathematics or as a self-study option. This frustrated participants' ability to make a direct comparison. In one case, the possibility of self-study led instead to criticism: 'we don't offer decision maths because we don't think it worthwhile to teach a subject that pupils can pick up for themselves by reading a text book.' Table 7 summarizes the results of the four 'strategic' Likert-type responses. The results of Q1 and Q3 strongly support the finding that mechanics is seen as the most difficult of the three strands, but comparisons between statistics and decision mathematics are again less clear. It could be argued that Q1 and Q3 support the notion that decision mathematics is marginally easier than statistics, but Q5 suggests that it is easier to get an A grade on statistics.
It is salient to note at this point that quantifiable differences in difficulty are considered regularly by examination boards when grade boundaries are set. Candidates' relative performances are considered and thus any substantive differences undoubtedly influence the awarding process. This fact together with the supporting comments offered within the questionnaire data suggest that a strategic choice of applied modules might involve a contextualized perception of relative difficulty rather than an absolute one, specifically a consideration of the relative accessibility of each module for particular groups of students.
4.3.1.2 Accessibility and grade profiles Although decision mathematics was undoubtedly viewed as basically 'easier' than mechanics, a number of comments suggested that the strategic advantage of studying decision mathematics played out differently for different groups of students: 'A grade students tend to scrape grade As, E grade students tend to get grade Bs. It's simple, but you have to be quick in the exam.' Some centres were quite explicit and held that decision is thus 'not an option for the most able. They become frustrated with the number crunching'. Similarly, 'some bright students don't do well at decision -the need to show method thwarts their ability to find clever shortcuts'. The idea of a non-uniform strategic advantage fits well with the results summarized in Table 7 . Mechanics was typically seen as the province of the more able A-level candidates: 'mechanics tends to be the option chosen by strong mathematicians'; 'good students do well weaker ones less well'. This led some centres to delay teaching mechanics until the upper sixth, so as to allow students to develop core skills. Statistics, in contrast, 'tends to be chosen by weaker mathematicians' and was described as 'easier for the weaker students to access'.
The notion of suitability for 'stronger' and 'weaker' candidates was often connected to comments about the differing ways in which the applied units integrate and draw on core mathematical skills. In particular, S1 was seen as particularly accessible for students who had done GCSE statistics. However, opinion varied regarding decision mathematics; while one centre claimed that their students found decision mathematics 'hard because they have not seen anything like it', another claimed a strategic advantage in terms of affect as D1 represented a 'level playing-field'.
It has been noted elsewhere (Smith, 2004, p. 94; QCA, 2007) that there is a contradiction of sorts in the demands placed on A-level mathematics; that it simultaneously constitutes a 'high risk' option for weaker students while failing to differentiate sufficiently between more able candidates. The comments above suggest that some teachers see the choice of applied options as a practical way of strategically navigating some of the associated challenges and tailoring the curriculum to their own learners. 4.3.1.3 Gender A small but significant number of responses suggested that there might be a relationship between gender and facility with applied mathematics, particularly mechanics. One centre held that 'boys generally find mechanics easier than girls' while another said that mechanics was 'more of a boy friendly module'. This might be understood as partly consequent of the relationship between mechanics and physics; if boys are more likely to take physics as well as mathematics, they gain some advantage. However, some comments suggested that the advantage was deeper than this. One questionnaire offered that 'some are able to visualise situations much easier than others, is there a gender issue?' One interviewee held that this bias was supported by research showing that 'boys and girls think in different ways and they have a slightly different way of approaching problems'. A discussion of gendered differences in mathematical thinking lies outside the scope of this article, but it is worth noting that such perspectives, if not properly tempered, could contribute to wider problems in mathematics education. In particular this bias, when coupled with the view that mechanics is the domain of stronger mathematicians, could give rise to a damaging syllogism. There was, in fact, no bias in mechanics provision within A-level mathematics observed in the single gender schools.
4.3.1.4 Language Another issue which contributed to some centres' strategic choices was the language content of the strands. Some centres which served international students or a sixth form with a diverse cultural mix felt that questions in mechanics gave rise to the fewest language issues; conversely in statistics 'interpretation of questions can be difficult' and 'language in decision mathematics tends to be a problem for our able international students'.
Strategic preparation for further study Many centres demonstrated an appreciation of
the value of modules beyond the school. This took a number of contrasting forms; while one school observed that 'many of our students go on to study engineering where mechanics is more useful than statistics', another favoured decision mathematics as it was 'useful for students who go on to study computing and related topic areas'. A number of centres went further by suggesting that their provision had been guided by the strategic worth of different modules beyond the school. The question of whether different applied options have different worth in university admissions processes is a critical one, and is discussed below in Section 4.3.4.
Intrinsic concerns
Connections with other school subjects Many participating centres expressed opinions
about the value that each strand added to students' mathematical experience and wider education. The most common instance of this concerned the advantage that students taking A-level physics had when studying mechanics. Thirty centres offered additional explicit comments such as 'mechanics is suited to those students also studying physics' and 'loved by physicists and hated by non-physicists'; such comments resonate with the responses to Q4 summarized in Table 8 below. However, at least one centre did not feel that the advantage of studying physics alongside mathematics fully compensated for some of the strategic issues discussed above: 'even students who do physics A-level often find this (M1) harder than S1 and D1.' A smaller number of centres demonstrated an awareness of how the other two applied strands might connect to school subjects other than mathematics. For instance: ' . . . we advise those doing physics to study mechanics 1 . . . we advise any biology, psychology or geography students to choose statistics 1 because it is useful in these subjects'; 'students' interests and aptitudes colour their response to applied modules more than intrinsic difficulty of the materials.' 4.3.2.2 Real-World Applications Participants also made reference to the value of each of the applied strands outside of school, and this came through particularly strongly in the interviews. One participant held that 'we see statistics all the time and they're often used badly by the media . . . anything the students know that gives them a more realistic picture, I think, is good'. This type of comment supports the findings of Q10 as summarized in Table 8 below. Both statistics and mechanics were understood as areas of study which can be easily linked to everyday life experiences.
The results of Q10 also give rise to an interesting assessment of relative utility, as decision mathematics was reported as the most difficult strand to link to everyday life and give examples for. This might be considered surprising; decision mathematics has its roots in operational research and contains many areas of study such as critical path analysis and the route inspection algorithm which plainly have their origin in real-life applications. Nevertheless, some of the respondents implied that their learners found it difficult to appreciate any relevance: 'D1 concepts and questions are relatively easy. However, relating these to the real world is lost on pupils.' Interestingly, one interviewee suggested that perhaps it was too easy to move from concepts to applications: 'I felt that it was very easy to show how it would, how it could be used in a real-life situation, but I think that the students just genuinely didn't really believe that that was the case, because what they were doing felt quite simplistic. ' It is relevant to note here that perception and provision were related in this instance. Of the centres that offered D1 as part of their A-level, 70% disagreed or strongly disagreed that it was difficult to link decision mathematics to everyday life, compared with 47% of centres which did not offer D1 as part of A-level mathematics. The response of one interviewee seemed to hint that a negative view of decision mathematics was also partly historical, saying that decision mathematics 'doesn't seem as immediately useful . . . I'm probably just being traditional in saying that . . . it probably is just as useful . . .. ' TABLE 8. Questionnaire responses to items involving intrinsic concerns (n = 336); SD = strongly disagree, D = disagree, NO = no opinion, A = agree, SA = strongly agree of the comments gathered indicated that centres had given consideration to the value of each of the applied strands beyond the school setting. The trends in this category are strongly consonant with the in-school intrinsic discussions outlined above, but have a wider perspective; for instance, mechanics was described by one participant as 'essential to maintain the nation's pool of physicists and engineers'. However, this longer term viewpoint gave rise to some additional criticisms about the depth of the content covered. With regard to statistics, one interviewee claimed that 'even S1 and S2 don't quite go far enough to be really useful in career terms', and decision mathematics was likewise criticized: 'Whilst this has the most applications in real life the level at which we cover is so basic that it prevents you from showing the real life applications properly.' Decision was criticized in a number of other ways; one interviewee argued that D1 should be given less priority as it contains mathematical content which is relevant in fewer situations or degrees. Another participant reasoned that although decision mathematics techniques were relevant, their heavy reliance on computers meant that students gained little from studying them at school: 'Once you start working for an organisation then that (relevant decision mathematics) tends to be taught to you, as part of your professional development within the organisation, in a way that suits their needs.' 4.3.2.4 Affect, enjoyment and challenge The results of Q11 begin to touch on issues of affect.
Of the three subjects, statistics was overall seen as the least engaging, and this was supported by a high number of additional comments using descriptors such as 'dull' and 'boring'. This disaffection was not limited to the students; one participant said of S1 that 'most of my staff found this module boring to teach' and another held that 'Teachers here do not like the subject which gets I suppose transmitted to the students'. In contrast to this, mechanics gave rise to almost entirely positive comments in this regard; negative comments tended to be conditional, relating only to learners who did not also study physics. Decision was occasionally described as 'dull', although far more infrequently than statistics.
One issue which seemed to influence the affective comments was the type of thinking and cognitive activity that each strand was thought to involve. Statistics was seen as dull partially because it was 'really just sticking numbers in formulas'; 'the statistics fundamentally is understanding an equation for solving a problem and chucking the numbers in and let it work it out'. This sat in stark contrast to mechanics, which was described as 'low in content but high in conceptual understanding'. A number of features of mechanics were thought to be challenging for students, including the modelling aspect, the requisite problem solving and the relatively high algebraic content. However, these were understood both strategically and intrinsically, such that these difficulties ostensibly helped to give rise to a more interesting and rewarding area of study.
Interestingly, the skill of mathematical modelling was rarely mentioned by the participants. Apart from the comment about the difficulty of modelling in mechanics cited in the previous paragraph, there was just one other comment about 'maths models' observed in the questionnaire data, and only one interviewee mentioned 'modelling type software'. This paucity of reference is interesting given the emphasis on modelling present in many of the applied modules' specifications; however, it also limits here the scope for discussion about the integration of modelling within each of the three applied strands.
4.3.2.5
The nature of mathematics A number of participants expressed opinions which invoked their own personal philosophies about mathematics. In particular, there was some debate about what qualified as 'proper mathematics'. Statistics was criticized by some for its apparent lack of rigour; one interviewee, when discussing mechanics said that 'I like the, the exactness of it . . . statistics has things that aren't as exact, as precise . . . there's ambiguities there in statistics which I find aren't there in mechanics. So I think of it more as a mathematician's subject'. Another suggested that algebra was the hallmark of proper mathematics: 'I think we would probably say that we regard D1 as being the easiest one . . . one reason for that is that it doesn't contain any maths! Or very little . . . there's almost no connection with anything algebraic . . . perhaps I'm being old-fashioned there'. The use of the term 'old-fashioned', much like the use of 'traditional' by the interviewee above, also hints at a historical element to this debate. Links between core and applied content were occasionally commended; one interviewee particularly praised the way in which their examination board had illustrated the worth of differential equations within M4.
It is not only teachers who hold opinions about the nature of the subject, and one comment demonstrated this well: 'I teach Decision 1 and 2 and have found it to be a ''love it or hate it'' subject. Those that can work logically and systematically tend to do well and find it easy. Those that can't get over it ''not being proper maths'' (their words, not mine) struggle and tend to get low grades . . . even some of those taking ICT which you would think required logical thought and structure . . .. '
In contrast to these opinions, some centres embraced the breadth available in the current system. One interviewee held that 'certainly for a further mathematician, the objective is to give them as wide an experience of applied maths as you can'. Another claimed that 'lots of our fellow subjects kind of look at us enviously 'cause we have such flexibility'. One school had historically taught mechanics and statistics, but now presented an outline of all three strands to the students at the beginning of the course and allowed them to make a choice: 'what I feel myself is that the benefit of doing maths generally is that it trains your mind to think in a way that you can apply to almost anything . . . (even though) there are some obvious crossovers.' Another held that 'whatever maths you do, complements each other. Maths isn't just about the technical know-how of these things, it's about the train of thought, the logical thought . . . '. It is clear from such comments that teachers' philosophies of mathematics education, whether implicit or explicit, imprecise or fully-formed, have a meaningful influence on provision at A-level.
Inertial concerns.
The remaining categories all involved some element of inertia. These incorporated comments which reflected either a practical constraint that held provision constant over a period of time or a tendency to adhere to the status quo, for instance: 'we have always taught mechanics' and 'over many years mechanics has been our main applied module'. 4.3.3.1 Teacher preference and capability The dominant inertial factor was undoubtedly teacher preference and capability. This was sometimes expressed in a positive manner, for instance 'we are lucky to have excellent teachers who have maintained a long record of high achievement in this subject at A-level', but was also phrased in terms of preferring one strand over another. The interviews, allowing for more extended reflection, often gave rise to some explicit consideration. One teacher said that 'it's always been the same for the fifteen years I've been here . . . there's some inertia which just keeps it going as it is'. Another confessed that 'we're a pretty stuck-in-the-mud bunch over here . . . mechanics and statistics have been the overriding push of the past, and we've tended to stick with that'. The methods of allocating teachers to classes detailed by some schools could also encourage fixed provision; some schools do not allocate teachers to A-level teaching until they have taught younger groups successfully for a number of years. This system can leave established staff fixed in place as A-level teachers, and delay or frustrate the impact which younger teachers with alternative preferences might have on the curriculum. Even in cases where there is a will to change, transition can be both difficult and fragile. One school reported that they had 'tried teaching decision maths many years ago and our results were very badly affected so we dropped it like a hot potato!' Another described the tenacity of staff preferences as being 'like battle lines drawn in the sand'.
The questionnaire results summarized in Table 9 below, particularly Q9, suggest that mechanics is the preferred option for the majority of teachers. This is also borne out by the additional comments; one school held that 'with a department full of engineers, it is very easy to offer this option'. This sits in contrast to another school's admission that 'we have struggled to appoint a teacher who feels confident to teach decision'.
The results of Q9 again place decision as the lowest of the three modules. One additional questionnaire response held that 'D1 is often looked at as a space filler by pupils and scoffed at by staff approaching retirement'. Decision teaching was frequently only enabled by the further mathematics network or particular individual members of staff. Perception and provision were, perhaps unsurprisingly, connected once more; 77% of the centres who offered D1 as part of A-level mathematics had teachers who enjoyed teaching this strand, while only 46% of the centres who were not currently offering D1 in this way had teachers who enjoyed teaching D1.
Resources, training and practical concerns
The results of Q2 suggest that all of the three strands are generally well resourced. Some of the additional comments, however, suggested that resources could influence provision in some way; novel multimedia resources might excite and develop current practice while dry or confusing textbooks might frustrate a teacher seeking to deliver a new module for the first time. Further, some comments suggested that training did have some bearing on provision of the higher modules; one school said that they were 'finding it hard to find INSET on M2 and M3 mechanics for our staff'. School-level practical concerns also had some influence on provision; a number of centres discussed the impact that timetabling and group size had on the number of options that their department was able to run. TABLE 9. Questionnaire responses to items involving inertial concerns (n = 336); SD = strongly disagree, D = disagree, NO = no opinion, A = agree, SA = strongly agree 4.3.3.3 Change over time Each of the 11 interviewees was asked about whether and how their provision had changed over the past few years. Six of the centres reported negligible or no change; one offered that they were ' . . . a very traditional department in the fact that what was good enough five years ago is good enough today . . . .' The remaining five centres had generally moved towards some delivery of decision mathematics, sometimes adapting in response to students with particular requirements. However, while one teacher reported liking 'the strange taste' of decision mathematics, changes in provision had not always been embraced fully: 'I think it's probably changed . . . (with regards to D1 but) the purist in me would probably rather, for a maths A-level, offer S1 and M1. ' In summary, both the questionnaires and the interviews demonstrated that inertia is influential in determining provision at a number of levels: at the individual level through staff preferences and capability; at the school level through timetabling constraints and minimum class sizes; and at the national level through resource provision and training. Inertia at the national level is also undoubtedly inherited from the university admissions process; the 'very traditional department' quoted above, when asked what would make them consider a new model of provision said that they 'would have to have some indication from the universities that they were interested in seeing students with those modules'. This influence merits further discussion.
Applied modules and university admissions.
A small number of participants mentioned in their questionnaire responses that they favoured certain combinations of applied modules over others 'in response to the wishes of universities'; one explicitly wrote that 'universities have told us that they do not value decision' and another implied that students had been told this at open days. This bias did not just involve the preference of engineering departments for mechanics modules, but included general mathematics degrees. Many centres seemed uncertain, but supposed that there would be some bias. One centre rationalized a bias between applied options as a way to differentiate between students with A grades; another supposed that students who had taken M4 would be able to engage in a higher level of mathematical discussion at interview than an otherwise equivalent student who had taken D1. One boys' grammar school even commented that 'I think universities are quite canny and they do look at the way that the A-levels are put together. I would be disappointed if they don't'. It is true that there are some exceptional instances where this is the case. Cambridge, for instance, notably prefers prospective students to have taken mechanics modules but the vast majority of universities do not appear to have an explicit preference in their admissions criteria.
In light of the findings above, a brief e-mail was sent to 17 of the universities in the Russell Group, a collection of 20 leading UK universities, enquiring about their entry criteria. Every one of the eight tutors who replied said that applied modules were not formally taken into account as part of the official admissions process. However, this is not to say that module choice has no effect. A number of admissions tutors expressed a personal opinion, typically in line with the modal responses above, and two went as far as to acknowledge that students' applied options might have a small bearing on borderline decisions: 'if a student narrowly misses their offer . . . I would be more positively influenced towards leniency in a student with high marks on mechanics modules than one who had high marks in decision or stats . . . this is a consequence of my view-again based largely on received opinion-that mechanics is a more ''difficult'' subject . . . .' It is interesting to note that the wording here acknowledges the presence of inertia and tradition within the admissions stage.
The question of bias between applied strands in university admissions is a difficult one and it is important not to overstress any of the comments quoted above. Ultimately, admissions tutors are individuals, and there is always scope for personal bias in any direction. It would appear that there is some minor bias, but it is more conspicuous that universities are being second guessed in a way that steers provision in a number of schools. There is therefore a need for either greater transparency or better communication within the admissions process. Finally, it is worth noting that if universities do indeed favour further mathematics students with M4 over those with D1 there is an additional hidden risk of social disadvantage; within the sample 61% of the centres who offered M4 were grammar and independent schools. 4.3.5 Perception and provision. Before concluding it is valuable to recognize here that the results of the questionnaire printed above in Tables 7-9 are in summary form. In particular, they do not reflect the different opinions held by groups of centres with different models of provision. For instance, a chi-square test for independence suggests that the distribution of responses to the questions about statistics are influenced by whether or not the centre offers S1 as part of A-level mathematics for Q2, Q4, Q6 and Q7. Similarly, opinions on mechanics are related to M1 provision for Q2, Q6, Q8, Q9, Q10 and Q11, and opinions regarding decision mathematics are related to D1 provision for Q1, Q2, Q3, Q6, Q7, Q8, Q9 and Q10.
These findings are difficult to interpret usefully; the interaction between perception and provision is undoubtedly bi-directional and functions differently for each item. It is, however, worth observing that of the three strands decision mathematics appears to give rise to the greatest shift in opinions; equally, it is interesting that the inertial group of concerns seems to be the most closely related to provision. The individual nature of schools gives rise to a considerable range of models of provision, and so the data support neither a correlative nor predictive analysis. Nevertheless, these brief comments have some consonance with the wider findings above.
Discussion
Many of the findings above can be considered in isolation, and some of the issues discussed, such as the different demands that each strand places on language, or prospective gender biases in some of the strands, are offered here in the hope of stimulating further discussion. However, the full results of this research do not exist either independently of other research or outside of wider debates, and three recurrent findings are particularly worthy of note at this stage.
Perhaps the most consistent finding throughout this research is the unrelentingly dominant position of mechanics among the three strands of applied mathematics. Although the number of centres offering statistics as part of A-level mathematics just exceeds those offering mechanics, this advantage is more than redressed once further mathematics is included, and mechanics most certainly dominates matters of opinion. A crude summary of Section 4 would hold that mechanics is seen as: the subject of the 'most able'; 'proper' mathematics; the strand most usefully related to other subjects; the strand most connected to everyday experience; the most intrinsically interesting strand; and the strand which teachers prefer to teach. The strengths of mechanics are many (for an extensive discussion, see Rowlands, 2008) . However, the acuteness of this inferred consensus is open to criticism; in the words of Brown (1999) , it can be argued that 'although it is a valid and important application of mathematics it should appear in the A-level mathematics course as one of many, and should not have the favoured place that it currently occupies in England and Wales (and in no other country) . . . ' (p. 85) . It is certainly the case that the nature and breadth of applied mathematics have changed massively since mechanics first established its dominance, and it is an interesting exercise to consider how 'applied mathematics' might be construed and delivered were it to be devised for the first time today.
A second issue which underpins many of the categories and comments described is the tempered influence of teachers' philosophies of mathematics education on their provision and practice. Many of the quotes offered above are resonant with positions such as those described by Ernest (1991) , who described five educational ideologies which influence policy in mathematics education. We might suppose it is the 'technological pragmatists', that is those who foreground the role of mathematics as a body of useful knowledge which has relevance in employment, who are seeking to prepare their students for industry, while the 'old humanists', who see mathematics as a body of structured pure knowledge, express a more conservative view of what qualifies as 'proper' mathematics (pp. 138-9) . That such diversity of opinion exists is unsurprising, and perhaps even catered to by the emphases of different examination boards. The key finding here is instead the extent to which these positions appear to be tempered by pragmatic concerns and attempts to 'play the system'. In particular, it is disappointing that statistics, which was repeatedly reported to be the least enjoyable of the three strands, and the content of which was subject to a number of criticisms, was the most commonly offered strand within A-level mathematics, ostensibly because centres know from experience that their candidates can attain high marks. This observation is not intended as a criticism of statistics as an area of study; we personally consider all three applied strands to hold a range of special merit and worth, and the same concern holds for some centres in their delivery of mechanics or decision. However, the results above combine to suggest that a large number of A-level candidates in England and Wales spend a good deal of their course studying material which they do not enjoy, and their teachers do not honestly endorse, in order to gain a strategic advantage. The consequences of this concession are worthy of consideration.
The third finding which unites many of the results above is the place of inertia in steering perception and determining provision. Inertia is a challenging concept to assess; all systems involving human choices undoubtedly contain some inertia, and unchanging provision might arise out of consistent informed decision making, rather than from inaction or disinterest. Nevertheless, the comments offered on the questionnaire and at interview suggest many centres are either reluctant to change or find their intentions to change frustrated by practical concerns which reflect inertia at a higher level. In the context of A-level applied options, inertia appears to affect the uptake of decision mathematics the most strongly. Although many of the criticisms of the decision mathematics syllabuses represented above are undoubtedly valid, it is telling that centres' opinions of the worth and relevance of decision mathematics, as expressed in the questionnaire responses, differ significantly between those who do and those who do not offer D1 as part of A-level mathematics. The comments above suggest some small ways in which this disparity might be assuaged, including greater provision of resources and training.
The incidence of inertial constraints on choice and provision also has a wider bearing on matters of curriculum reform. Any future instances of choice that are to be made at the school level, either in curriculum content or between qualifications, will likely be subject to similar factors. Above all, this implies that any initiatives to change or extend mathematics education which require schools to 'opt in' must consider how to address these factors. Most particularly, they must ensure that a sufficient number of teachers are trained and able to deliver the new programmes of study and, in the case of further education, speak to concerns about the ways in which universities will perceive any new qualifications. These measures alone will not, and should not, guarantee widespread acceptance, but the results above suggest that they are important steps in curriculum reform.
The A-level qualification in mathematics is both vital and valuable, and it plays an important role in preparing learners for both future education and employment. The applied components have the potential to inculcate a coherent and extensive sense of utility in students, which not only motivates the core content but also elevates students' appreciation of mathematics as a discipline at a point when they may be considering undertaking a mathematics or mathematics-related degree. While debates about the content and relative weight of applied modules will inevitably continue into the future, we contend here that attention should also be directed towards the ways in which centres continue to make their choices, monitoring equity of opportunity, guarding against stagnancy, and ensuring that teachers are able to make properly informed decisions which will best serve their students.
